PAGE  

PROBLEMS MANIFESTED IN PROSPECTIVE SECONDARY MATHEMATICS TEACHERS’ PROOFS AND COUNTEREXAMPLES IN DIFFERENTIATION 
Yi-Yin Ko & Eric Knuth
University of Wisconsin-Madison, U.S.A.
In advanced mathematical thinking, proving and refuting are vital abilities to help demonstrate whether and why a proposition is true or false. Learning proofs and counterexamples in the domain of differentiation is especially important because students encounter differentiation in many mathematics courses. We examined 36 prospective secondary mathematics teachers’ performance producing proofs for statements believed to be true and counterexamples for statements believed to be false. Problems were identified in the teachers’ written work, which highlights the need to empower instructors in their teaching and prospective mathematics teachers in their learning to write complete proofs and counterexamples in undergraduate mathematics courses.
INTRODUCTION
Proving and refuting play essential roles in advanced mathematical thinking because they help demonstrate whether and why propositions are true or false. A mathematical proof requires that definitions, statements, or procedures are used to “deduce the truth of one statement from another” (Tall, 1989, p. 30), helping people understand the logic behind a statement and the “insight into how and why it works” (Tall, 1992, p. 506). Counterexamples similarly play a significant role in mathematics by illustrating why a mathematical proposition is false; a single counterexample is sufficient to refute a false statement (Peled & Zaslavsky, 1997). Together, mathematical proofs and counterexamples can provide students with insight into meanings behind statements and also help them see why statements are true or false. Accordingly, undergraduates, including prospective mathematics teachers, in advanced mathematics are expected to learn and to use both proofs and counterexamples throughout the undergraduate mathematics curriculum.
In recent years, mathematical proof has received an increased level of attention because of the various roles it plays in the mathematics community, including communication, explanation, or validation of mathematical claims (Bell, 1976; de Villiers, 1990; Hanna & Jahnke, 1996). In fact, the Principles and Standards for School Mathematics (National Council of Teachers of Mathematics, 2000) devoted a standard to reasoning and proof and asserts that students in pre-kindergarten through grade 12 should regularly study mathematical proof. In order to implement current reform recommendations successfully regarding mathematical proof, prospective teachers must have a solid understanding of proof themselves. The challenge of fulfilling this demand is that many teachers have not traditionally been expected to teach proof. Knuth (2002) indicated that the enactment of reform efforts with respect to proof in school mathematics depends heavily on teachers’ conceptions, “a general notion or mental structure encompassing beliefs, meanings, concepts, propositions, rules, mental images, and preferences” (Philipp, 2007, p. 259). In light of this challenge, a growing number of researchers have started to investigate conceptions of proof held by pre-service mathematics teachers (e.g., Cusi & Malara, 2007; Martin & Harel, 1989; Stylianides, Stylianides, & Philippou, 2004, 2007). 
Despite the importance of prospective teachers’ conceptions of proof, few research studies have investigated prospective mathematics teachers’ abilities in producing proofs and counterexamples in the domain of differentiation, which is essential content across the world in college mathematics (as well as in pre-calculus and calculus courses in high school). Further, few studies have examined how proofs and counterexamples in differentiation convey the structure of analysis from basic conceptions addressed in previous calculus courses, as well as prospective mathematics teachers’ performance proving and refuting statements. In order to address such deficiencies in the field, the main purpose of this paper is to contribute to the knowledge base in this area by identifying the problems manifested in prospective mathematics teachers’ attempts to produce proofs and counterexamples in the mathematical area of differentiation. The findings suggest more attention should be paid to teaching and learning proofs and counterexamples, as prospective mathematics teachers with mathematics majors showed difficulty in writing these statements. More importantly, our analysis also suggests potential means for improving prospective teachers’ performance producing proofs and counterexamples in undergraduate mathematics courses.
METHODS
Taiwanese undergraduates enrolled in Advanced Calculus I in Fall 2007 at a national university in Taiwan participated in this study. They were selected by convenience sampling; in other words, participants were contacted by colleagues of the researchers and were recruited on the basis of their willingness to participate in the study. Every undergraduate volunteering for the study was accepted, and thus resulted in a sample size of 36. With only a few exceptions, these participants will complete a mathematics major and become secondary mathematics teachers. Differentiation is a topic addressed in their previous calculus courses, thus all of the prospective mathematics teachers participating in this study had some relevant domain knowledge. The instrument, which was comprised of five mathematical statements modified from textbooks and entrance examinations, was designed to provide a measure of prospective teachers’ concepts of differentiation. The instrument was written in English because English is used in advanced calculus courses at the university in Taiwan. Participants were asked to construct proofs for statements they believed to be true and to generate counterexamples for statements they believed to be false. The errors manifested in the students’ attempts to construct proofs and to generate counterexamples were investigated by analyzing participants’ written work. Due to page limitations, this paper only focuses on Problem 1, a false statement, and Problem 2, a true statement, as listed in Table 1.
	Problem
	Mathematical statement
	T or F

	1.
	Let f be a function defined on a set of numbers S, and let
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. If f is continuous at a, then f is differentiable at a.
	False

	2.
	Let f be a real-valued differentiable function defined on [a, b]. If 
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for some z in (a, b).
	True


Table 1: The First Two Propositions Used in This Study

RESULTS
A selection of interesting responses to Problems 1 and 2 are discussed here in order to illustrate the prospective mathematics teachers’ performance as well as their understandings of differentiation.  
Problem 1
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With respect to Problem 1－a false proposition, 1 participant left blank (3%), 7 participants provided an incorrect proof (19%), 2 participants provided no basis for generating a counterexample (6%), 4 participants provided relevant knowledge but not a counterexample (11%), 1 participant provided an incomplete counterexample (3%), and 21 participants provided a complete counterexample (58%). Although the statement in Problem 1 is false, 7 participants of 35 (20%) who answered believed this was true and attempted to provide a proof to support their claim. They all described, “f is continuous at
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exists. So                  exists. Therefore, f is differentiable at
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”. Such evidence shows that these participants seemed to believe
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exists. Moreover, these participants demonstrated an unclear understanding of the differences between continuous functions and differentiation, and thus determined this false proposition to be true. Two participants provided, “                ”as a counterexample to refute Problem 1. One of them indicated that “
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is not continuous at 0”, and the other showed that “
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is not differentiable at -1”. These two participants misrepresented the first derivative of   as
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which yielded to an invalid counterexample to refute this statement. Additionally, the first student expressed the misunderstanding of continuity, because      is not continuous at 0. The above descriptions illustrate that these participants did not have a clear understanding of continuous functions as well as differentiation.
Problem 2

As to Problem 2－a true proposition, 8 participants left blank (22%), 6 participants provided an incorrect counterexample (17%), 13 participants provided no basis for constructing a proof (36%), and 9 participants provided relevant knowledge but not a mathematical proof (25%). In addition, no participants produced a complete proof for Problem 2. While the statement in Problem 2 is true, 6 participants of 28 (21%) who answered believed it to be false and provided an incorrect counterexample. They all provided a polynomial function with a particular domain, and then showed that they found one z which did not belong to a given domain. For example, one student showed, “
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is a real-valued differentiable function defined on [-1, 2].
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(-1, 2)”. This student seemed to use a specific example to demonstrate that the proposition was false. Because this student chose
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not belonging to (-1, 2). This result led the student to determine this statement was false. Four of the participants, who attempted to provide a proof, all described, “
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”. They expressed their misunderstandings of the relationships between the differentiation and function as well as the function and the elements and seemed to believe such processes involving symbolic manipulations yield a valid proof. Furthermore, these participants did not show their understandings of what knowledge is appropriate for writing a mathematical proof.
DISCUSSION 

All participants in this study were mathematics majors, and they had opportunities to learn about differentiation in their current advanced calculus course as well as in previous calculus courses. However, our results suggest that some prospective secondary mathematics teachers still possess an inadequate understanding of not only proofs and counterexamples but also differentiation (46% for Problem 1 and 100% for Problem 2 who answered). Determining the truth or falsity of a proposition and writing a correct proof or counterexample requires an understanding of the relevant concepts and strategic knowledge, and some of the participants failed to express such an understanding. This confirms Weber’s (2001) findings that undergraduate students did not demonstrate their knowledge techniques of proving. Also, several participants seemed to regard their symbolic manipulations as a mathematical proof, which is consistent with Harel and Sowder’s (1998) and Weber’s (2004) findings. Overall, the majority of participants did not show a clear understanding of concepts in differentiation when producing a proof or counterexample. 
CONCLUSIONS
Weber (2001) noted that manipulating symbols with understanding, “knowledge of the domain's proof techniques” (p. 111), and “knowledge of which theorems are important and when they will be useful” (p. 112) are essential skills in writing mathematical proofs. In order to enhance prospective mathematics teachers’ proof techniques, instructors should provide students with exposure to the same concepts more than once (Sowder, 2004).

Given the mathematical backgrounds of the participants, it is surprising that they still had considerable difficulty identifying the true or false proposition as well as producing proofs and counterexamples. This result confirms Ball’s (1990) and Ball, Lubienski, and Mewborn’s (2001) arguments that majoring in mathematics does not guarantee that teachers will be equipped with sufficient subject matter knowledge for their teaching. As prospective mathematics teachers are expected to develop fluency with proof and counterexamples in undergraduate courses for their future teaching with respect to current reform recommendations of proof and reasoning, mathematics and mathematics education professors must consider how to best communicate with each other to better connect their courses and engage students in developing knowledge and fostering understandings of proof and counterexamples. In order to better prepare prospective mathematics teachers with content knowledge in the area of proofs and counterexamples, further research is needed, which could involve observing students’ college mathematics courses, examining students’ homework and examinations, and designing more mathematical statements and conducting intensive interviews with students to understand their perspectives. In doing so, we have a better understanding of how to enhance prospective mathematics teachers’ knowledge in the area of proof and counterexamples. This paper highlights the need for attention to empowering instructors in their teaching and prospective mathematics teachers in their learning to produce complete proofs and counterexamples in undergraduate mathematics courses.
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